Number-Phase Fluctuations in Isolated Superconductors by Si, Xiaotian et al.
ar
X
iv
:1
80
9.
03
70
8v
1 
 [c
on
d-
ma
t.s
up
r-c
on
]  
11
 Se
p 2
01
8
Number-Phase Fluctuations in Isolated Superconductors
Xiaotian Si, Wataru Kohno, and Takafumi Kita
Department of Physics, Hokkaido University, Sapporo 060-0810, Japan
We improve the Bardeen-Cooper-Schrieffer wave function with a fixed particle number so as
to incorporate many-body correlations beyond the mean-field treatment. It is shown that the
correlations lower the ground-state energy far more than Cooper-pair condensation in the weak-
coupling region. Moreover, they naturally bring a superposition over the number of condensed
particles. Thus, Cooper-pair condensation is special among the various bound-state formations of
quantum mechanics in that number fluctuations are necessarily present in the condensate through
the dynamical exchange of particles with the non-condensate reservoir. On the basis of this result,
we propose ∆Ncon · ∆φ & 1 as the uncertainty relation relevant to the number-phase fluctuations
in superconductors and superfluids, where the number of condensed particles Ncon is used instead
of the total particle number N . The formula implies that a macroscopic phase φ can be established
even in number-fixed superconductors and superfluids since ∆Ncon ≫ 1.
I. INTRODUCTION
One of the most controversial issues in the Bardeen-
Cooper-Schrieffer (BCS) theory,1 which is remarkably
successful in describing weak-coupling superconductors,
may be the superposition over the number of condensed
particles in their variational ground-state wave function.
This is apparently incompatible with particle-number
conservation, which manifestly holds in any closed sys-
tem, as noted by Schrieffer from the beginning2 and em-
phasized by Peierls3 and Leggett.4 On the other hand,
the superposition was used by Anderson5 in the con-
text of Bose-Einstein condensation to discuss the emer-
gence of a well-defined macroscopic phase, called sponta-
neously broken gauge symmetry,6,7 as the key ingredient
for superfluidity and the Josephson effect. Thus, particle-
number fluctuations seem indispensable for bringing
macroscopic coherence to the system, which were orig-
inally traced by Anderson to the exchange of particles
between subsystems.5 However, a question may be raised
regarding this identification because there are definitely
no fluctuations in the total particle number of any closed
system.4,7 Are the fluctuations real or a mere artifact in
the mathematical treatment of superconductivity? If the
former is the case, where do they originate from? How
can we define a macroscopic wave function with a well-
defined phase in isolated superconductors? We aim to
answer these questions by improving the BCS wave func-
tion with a fixed particle number.
Weak-coupling superconductors have been described
theoretically within the mean-field framework. The cor-
responding ground state withN fermions has been identi-
fied as the antisymmetrized product of N/2 Cooper pairs
with no superposition,4,8,9 which may thereby have no
well-defined phase.5 Now, we will see what happens to
this wave function when we incorporate many-body cor-
relations beyond the mean-field treatment. Our physi-
cal motivation lies in the following observation: the pair
condensation energy in the weak-coupling region is expo-
nentially small, ∼ exp(−1/g) with g> 0 a dimensionless
coupling constant, whereas the correlation energy is pro-
portional to g2 and also negative for any type of interac-
tion, as seen by the second-order perturbation in terms of
the interaction. In other words, the correlations lower the
ground-state energy far more than Cooper-pair condensa-
tion for g ≪ 1. This fact implies that, formally speaking,
Cooper-pair condensation should be studied only after
the correlation effects have been incorporated. We in-
corporate the correlation effects to show explicitly that
the correlations produce finite non-condensed particles in
the ground state, which work as a particle reservoir for
the condensate to naturally yield the superposition, in
exactly the same way as in the case of interacting Bose-
Einstein condensates.10 Thus, the superposition is a real
physical entity that exists in any isolated superconductor
or superfluid. Note in this context that the superposition
and coherence have so far been discussed mostly in terms
of condensed particles alone.5,7,11,12
This paper is organized as follows. Section 2 presents
the formulation. Section 3 gives numerical results. Sec-
tion 4 presents concluding remarks. Appendix A derives
equations to minimize the variational ground-state en-
ergy in detail. Appendix B describes how to perform
triple sums over wave vectors efficiently in the numerical
calculations.
II. FORMULATION
A. Model
To make our problem mathematically well-defined and
tractable, we consider a simplified model that consists of
N identical fermions (N : even) with mass m and spin 12
interacting via a two-body attractive potential U(r) in a
box of volume V .13,14 The Hamiltonian is given explicitly
by
Hˆ ≡
∑
kα
εk cˆ
†
kαcˆkα +
1
2V
∑
kk′q
∑
αα′
Uq cˆ
†
k+qαcˆ
†
k−qα′ cˆk′α′ cˆkα,
(1)
2where εk and Uq are
εk≡
~
2k2
2m
, Uq≡
∫
U(r) e−iq·rd3r, (2)
and operators (cˆkα, cˆ
†
kα) satisfy the anticommutation re-
lations of fermions with α =↑, ↓ for α = 12 ,−
1
2 , respec-
tively.
B. Number-fixed BCS wave function
Anticipating condensation into a homogeneous s-wave
pairing for this model, we introduce the pair creation
operator by
pˆi† ≡
∑
k
φkcˆ
†
k↑cˆ
†
−k↓, (3)
with φk denoting the Fourier coefficient of the bound-
state wave function describing a single Cooper pair. The
number-fixed BCS wave function is given in terms of pˆi†
by4,8,9,13,15
|ΦBCSN 〉 ≡ A
−1/2
N/2
(
pˆi†
)N/2
(N/2)!
|0〉, (4)
where An ≡ 〈0|pˆi
n(pˆi†)n|0〉/(n!)2 normalizes the ket and
|0〉 is defined by cˆkα|0〉=0. Equation (4) is the N -particle
projection of the original BCS wave function |ΦBCS〉 ∝
exp(pˆi†)|0〉.1,4,8,15 It satisfies
γˆkα|Φ
BCS
N 〉=0, (5)
i.e., the ket is characterized as the vacuum of the number-
conserving Bogoliubov operator9
γˆkα ≡ ukcˆkα − (−1)
1
2
−α vkcˆ
†
−k−αPˆ , (6)
where (uk, vk) denote
uk ≡ (1 + |φk|
2)−1/2, vk ≡ ukφk, (7)
satisfying u2k + |vk|
2 = 1, and operators Pˆ and Pˆ † are
defined by
Pˆ |ΦBCSN 〉 = |Φ
BCS
N−2〉, Pˆ
†|ΦBCSN 〉 = |Φ
BCS
N+2〉. (8a)
Thus, Pˆ (Pˆ †) decreases (increases) the number of Cooper
pairs by one. They satisfy
(Pˆ †)ν Pˆ ν = Pˆ ν(Pˆ †)ν = 1 (8b)
asymptotically for ν ≪ N/2 and can be treated as
commutative with (cˆkα, cˆ
†
kα).
9 One can thereby show
that γˆkα also obeys the anticommutation relations of
fermions.
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FIG. 1: (Color online) Diagrammatic expansion of lnBN up
to the second order in pˆi4. An open (filled) circle with four
outgoing (incoming) arrows denotes pˆi†
4
(pˆi4). The weight be-
low each figure represents the number of combinations that
realize the connection.
C. Improved wave function with correlations
Now, we incorporate many-body correlations into Eq.
(4). Equation (5) indicates that the Bogoliubov quasipar-
ticles are absent from the mean-field BCS ground state
given by Eq. (4). With this observation, we investigate
the possibility that some of the quasiparticle states be-
come occupied owing to many-body correlations. To this
end, we introduce the number-conserving correlation op-
erator
pˆi†4 ≡
1
4!
∑
κ1
∑
κ2
∑
κ3
∑
κ4
wκ1κ2κ3κ4 γˆ
†
κ1 γˆ
†
κ2 γˆ
†
κ3 γˆ
†
κ4Pˆ
2, (9)
where κj denotes κj ≡ kjαj , and wκ1κ2κ3κ4 is a vari-
ational parameter that is antisymmetric with respect to
any permutation of (κ1, κ2, κ3, κ4) by definition. This op-
erator pˆi†4 describes the process where two Cooper pairs
are broken up into four quasiparticles. Our variational
wave function is given in terms of Eqs. (4) and (9) by
|ΦN 〉 ≡ B
−1/2
N exp(pˆi
†
4)|Φ
BCS
N 〉, (10)
where BN denotes the normalization constant. This
|ΦN 〉 indeed has finite occupations of quasiparticles when
wκ1κ2κ3κ4 6= 0 is realized. It should also be noted that
operating the exponential function exp(pˆi†4) on |Φ
BCS
N 〉,
among other possible functions of pˆi†4, has a technical ad-
vantage that we can use linked cluster expansions in the
evaluation of various physical quantities. For example,
the normalization constant BN is obtained as
BN ≡〈Φ
BCS
N | exp(pˆi4) exp(pˆi
†
4)|Φ
BCS
N 〉
= exp
(
1
4!
∑
κ1
∑
κ2
∑
κ3
∑
κ4
|wκ1κ2κ3κ4 |
2 + · · ·
)
.
(11)
The exponent in the second expression is expressible as
Fig. 1 in terms of connected Feynman diagrams,10 and
the first term denotes the lowest-order contribution; we
omit the higher-order terms in the present weak-coupling
consideration.
3It will turn out below that Eqs. (5) and (11) suffice to
perform an evaluation of the ground-state energy up to
the leading order in the correlation parameter wκ1κ2κ3κ4
beyond the BCS theory.
D. Expression for the ground-state energy
Evaluation of the variational ground-state energy
E ≡ 〈ΦN |Hˆ |ΦN 〉 (12)
can be performed in exactly the same way as that for the
interacting Bose-Einstein condensates.10 Specifically, we
express
cˆkα = ukγˆkα + (−1)
1
2
−α vkγˆ
†
−k−αPˆ (13)
based on Eq. (6), transform Hˆ into the normal order in
γˆkα, and evaluate E subsequently. A new ingredient here
compared with the BCS theory is the finite average:
〈ΦN |γˆ
†
κ1 γˆ
†
κ2 γˆ
†
κ3 γˆ
†
κ4Pˆ
2|ΦN 〉 =
δ lnBN
δwκ1κ2κ3κ4
≈ w∗κ1κ2κ3κ4 ,
(14)
where we have used Eq. (11). Also noting
γˆκ|ΦN 〉 =B
−1/2
N [γˆκ, e
pˆi†
4 ]|ΦBCSN 〉 = [γˆκ, pˆi
†
4]|ΦN 〉
=
1
3!
∑
κ2κ3κ4
wκκ2κ3κ4 γˆ
†
κ2 γˆ
†
κ3 γˆ
†
κ4 |ΦN 〉,
we find another finite average
ηk ≡ 〈ΦN |γˆ
†
kαγˆkα|ΦN 〉 ≈
1
3!
∑
κ2κ3κ4
|wκκ2κ3κ4 |
2, (15)
where we have omitted the possibility of spin polariza-
tion; accordingly, |wκκ2κ3κ4 |
2 in Eq. (15) should be inter-
preted as the average of κ = k ↑ and κ = k ↓; we also
assume that wκ1κ2κ3κ4 is real from now on.
It is convenient to introduce two basic expectations
with |ΦN 〉,
nk ≡〈ΦN |cˆ
†
kαcˆkα|ΦN 〉 = v
2
k + (u
2
k − v
2
k)ηk, (16a)
Fk ≡〈ΦN |Pˆ
†cˆ−k↓cˆk↑|ΦN 〉 = ukvk(1 − 2ηk), (16b)
where we have assumed that φk is also real. Note that
Fk = F
∗
k implies that Fk can also be written as Fk =
〈ΦN |cˆ
†
k↑cˆ
†
−k↓Pˆ |ΦN 〉. Using Eqs. (14) and (16), we can
concisely express Eq. (12) in the weak-coupling region as
E =2
∑
k
εknk +
1
V
∑
kk′
(2U0 − U|k−k′|)nknk′
+
1
V
∑
kk′
U|k−k′|FkFk′
+
1
V
∑
k1k2k3k4
δk1+k2+k3+k4,0 U|k1+k3| uk1uk2vk3vk4
×
∑
αα′
(−1)1−α−α
′
wk1αk2α′k3−α′k4−α. (17)
The fourth term is the correlation energy character-
istic of the present theory, whereas the first, second,
and third terms are the kinetic, Hartree-Fock, and pair-
condensation energies, respectively. Setting ηk and
wκ1κ2κ3κ4 to zero in Eq. (17) reproduces the BCS expres-
sion for the ground-state energy including the Hartree-
Fock contribution.
E. Minimization of E
To minimize Eq. (17) for a fixed N , we incorporate the
constraint
2
∑
k
nk = N (18)
given in terms of Eq. (16a) by the method of Lagrange
multipliers. Specifically, we introduce the functional
E¯ ≡ E − µ
(
2
∑
k
nk −N
)
(19)
with µ denoting the Lagrange multiplier, and set its first
variations with respect to φk and wκ1κ2κ3κ4 equal to
zero simultaneously. These variations can be calculated
straightforwardly but rather tediously as detailed in Ap-
pendix A, which is outlined as follows. The equation for
δwκ1κ2κ3κ4 turns out to be linear in wκ1κ2κ3κ4 and can be
solved explicitly. Substitution of the resultant expression
into the equation for δφk yields
φk =
−ξk + Ek
∆k
, Ek ≡
√
ξ2k +∆
2
k, (20)
with which Eq. (7) acquires the standard BCS expression
uk =
√
1
2
(
1 +
ξk
Ek
)
, vk =
√
1
2
(
1−
ξk
Ek
)
. (21)
However, correlations are now incorporated in the single-
particle energy ξk and energy gap ∆k as
ξk = εk − µ+
1
V
∑
k′
(2U0 − U|k−k′|)nk′
+
1
(1− 2ηk)V 2
∑
k2k3k4
δk+k2+k3+k4,0
E
(0)
k + E
(0)
k2
+ E
(0)
k3
+ E
(0)
k4
× U|k+k2|
{
U|k+k2|(v
2
k2
− u2k2)(uk3vk4 + vk3uk4)
2
− U|k+k3|(vk2vk3 − uk2uk3)(uk2vk4 + vk2uk4)
× (uk3vk4 + vk3uk4)
}
, (22a)
4∆k = −
1
V
∑
k′
U|k−k′|Fk′
+
2
(1− 2ηk)V 2
∑
k2k3k4
δk+k2+k3+k4,0
E
(0)
k + E
(0)
k2
+ E
(0)
k3
+ E
(0)
k4
× U|k+k2|
[
U|k+k2|uk2vk2(uk3vk4 + vk3uk4)
2
− U|k+k3|uk2vk3(uk2vk4 + vk2uk4)
× (uk3vk4 + vk3uk4)
]
, (22b)
where E
(0)
k is defined by E
(0)
k ≡ (u
2
k−v
2
k)ξ
(0)
k +2ukvk∆
(0)
k
in terms of ξ
(0)
k and ∆
(0)
k , which are obtained from Eqs.
(22a) and (22b) by omitting the correlation terms pro-
portional to V −2. The solution of the equation for
δwκ1κ2κ3κ4 , which is mentioned above, is also expressible
in terms of E
(0)
k as
wk1α1k2α2k3α3k4α4
= −
δk1+k2+k3+k4,0
E
(0)
k1
+ E
(0)
k2
+ E
(0)
k3
+ E
(0)
k4
1
V
[
δα1,−α2δα3,−α4
× (−1)1−α1−α3U|k1+k2|(uk1vk2 + vk1uk2)
× (uk3vk4 + vk3uk4) + (two terms)
]
, (22c)
where (two terms) denotes terms obtained from the first
term in the square brackets by the two cyclic permuta-
tions of (2, 3, 4). This wk1α1k2α2k3α3k4α4 is antisymmet-
ric in accordance with its original definition.
Equations (15), (16), (21), and (22) together with Eq.
(18) form closed nonlinear equations that can be used to
evaluate the ground-state energy of s-wave Cooper-pair
condensation for any given potential U(r). Moreover,
the corresponding normal state with correlations can be
obtained by the replacement
(uk, vk) −→ (θ(k − kF), θ(kF − k)), (23)
where θ(x) is the step function, and kF is the Fermi wave
number at which nk exhibits a discontinuity. Note that
kF remains invariant after switching on the interaction.
16
It should be noted that, in the limit of Eq. (23) and ηk →
0, Eq. (23) reduces to the normal ground-state energy
evaluated by the second-order perturbation expansion.
F. Superposition over the number of Cooper pairs
The operator pˆi†4 in Eq. (10) decreases the number of
Cooper pairs by two, as seen from Eq. (9). We thereby
realize that |ΦN 〉 is made up of a superposition over the
number of Cooper pairs. Indeed, the superposition can
be quantified by (i) expanding BN of Eq. (11) in (pˆi4, pˆi
†
4),
(ii) sorting the series in terms of the number of (pˆi4, pˆi
†
4)
pairs, and (iii) multiplying the expansion by B−1N to nor-
malize it. The resultant probability PN
2
−2n of having
N
2 − 2n Cooper pairs in the system is given, within our
approximation of retaining only the first term in the ex-
ponent of Eq. (11), by the Poisson distribution
PN
2
−2n =
λne−λ
n!
, λ ≡
1
2
∑
k
ηk, (24)
where we have used Eq. (15). Note that PN
2
−2n ap-
proaches a Gaussian distribution in the thermodynamic
limit as seen from λ ∝ N .
III. NUMERICAL RESULTS
A. Model potential and numerical procedures
Numerical calculations were performed for the model
attractive potential
U(r)=
~
2a
2mr30
e−r/r0 (25a)
with two parameters a < 0 and r0 > 0, whose Fourier
coefficients are given by
Uq=
4pi~2a
m(1 + r20q
2)
. (25b)
The reason of using Eq. (25) with a finite range, instead
of the contact attractive potential frequently used in the
literature, is to make our calculations free from the ultra-
violet divergences inherent in the latter model. Setting
(a, r0)=(−0.12k
−1
F , 0.1k
−1
F ) yields a weak-coupling tran-
sition temperature Tc≈1.16×10
−4ε0F/kB, for example,
15
where ε0F =
~
2k2
F
2m is the non-interacting Fermi energy and
kB is the Boltzmann constant. Actually, we have chosen
(a, r0) = (−0.19k
−1
F , 0.1k
−1
F ), (26)
for which Tc ∼ 2× 10
−2ε0F/kB, to make the evaluation of
the correlation parts in Eqs. (22a) and (22b) numerically
tractable with high accuracy; Appendix B simplifies the
triple sums of wave vectors into triple radial and double
angular integrals. The radial integrals were performed
over 0 ≤ k ≤ kcut with cutoff kcut ∼ 50kF by expressing
k = kF(1+sinhx
3) and discretizing variable x at an equal
interval so as to accumulate integration points around
k ∼ kF . It turned out that E
(0)
k defined below Eq. (22b),
which can be negative, yields numerical instability when
evaluating the quintuple integrals. It was eventually re-
moved by replacing every E
(0)
k in Eq. (22) by the absolute
value |ξnk| of the normal-state single-particle energy ξ
n
k
obtained from Eq. (22a) by the replacement in Eq. (23).
The procedure corresponds to choosing wκ1κ2κ3κ4 slightly
away from the extremal value for numerical stability at
the expense of increasing the variational ground-state en-
ergy. Numerical calculations were performed by setting
~ = kF = 2m = 1. We have confirmed convergence with
∼ 1% error in the pair condensation energy by choosing
kcut = 50kF and having 130 (20) points for each radial
(angular) integral.
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FIG. 2: (Color online) Energy gap ∆k in unit of ε
0
F =
~
2
k
2
F
2m
as a function of k/kF in comparison with ∆
BCS
k without the
pˆi4 correlations.
B. Numerical results
We present numerical results calculated for Eq. (26)
self-consistently. Figure 2 plots the energy gap ∆k as a
function of k/kF in comparison with ∆
BCS
k without the
pˆi4 correlations. We observe that the correlations reduce
the energy gap from the mean-field value and also pro-
duce a small dip around k=kF. Table I summarizes the
corresponding ground-state energies. As expected, the
correlation energy due to pˆi4 is seen to be much larger in
magnitude than the pair condensation energy. It should
be noted that the mean-field condensation energy is still
in excellent agreement with the BCS prediction1,4,8
−
1
2
N(0)(∆BCSkF )
2=−7.81× 10−4E0
given in terms of the density of states N(0) =
mkFV/2pi
2
~
2 and energy gap ∆BCSkF = 0.0354ε
0
F at the
Fermi level.
An important quantity that characterizes the corre-
lations is ηk defined by Eq. (15). In the normal state,
it describes the deviation of Eq. (16a) from the non-
interacting expression n0k ≡ θ(kF − k) as
nnk = (1− η
n
k) θ(kF − k) + η
n
k θ(k − kF), (27)
and the resultant reduction of the discontinuity at k = kF
from 1.16 Figure 3 shows ηk in the pair-condensed state
(En − E0)/E0 (E − En)/E0
Mean-field theory −6.877 × 10−2 −7.81× 10−4
With pˆi4 correlations −1.033 × 10
−1 −5.06× 10−4
TABLE I: Normal-state interaction energy En − E0 and
pair condensation energy E − En in unit of the non-
interacting kinetic energy E0≡ 2
∑
k
εkθ(kF−k) for (a, r0) =
(−0.19k−1
F
, 0.1k−1
F
).
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FIG. 3: (Color online) Plot of superconducting ηk as a func-
tion of k/kF in comparison with η
n
k in the normal state.
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FIG. 4: (Color online) Probability PN
2
−2n of having
N
2
− 2n
Cooper pairs in the ket |ΦN 〉 for N = 20000.
in comparison with ηnk in the normal state. The latter
exhibits a discontinuity of ∆ηnk = 3.48× 10
−3 at k = kF,
which is blurred in ηk due to condensation.
A finite ηk also produces a superposition over the
number of Cooper pairs in the condensate that is ex-
pressed as Eq. (24) in the weak-coupling region. Figure
4 shows the distribution of the number of Cooper pairs
for N = 20000, which already has the appearance of a
complete Gaussian.
IV. CONCLUDING REMARKS
The present study has clarified that the correlations
naturally produce a superposition over the number of
Cooper pairs in the ground-state wave function. This su-
perposition, which is given by Eq. (24) and shown in Fig.
4, enables us to define the “anomalous” average unam-
biguously as Eq. (16b) within the number-conserving for-
malism, in contrast to the mean-field BCS theory, where
the average becomes finite only between states with dif-
6ferent particle numbers as 〈ΦBCSN−2|cˆ−k↓cˆk↑|Φ
BCS
N 〉.
9 In-
deed, the destruction of a single Cooper pair in our
|ΦN 〉 is accompanied by the creation of a pair of non-
condensed particles. Moreover, the gauge transforma-
tion (φk, wκ1κ2κ3κ4) → (φke
2iχ, wκ1κ2κ3κ4e
4iχ) in Eqs.
(4) and (10) changes Eq. (16b) as Fk → Fke
2iχ without
affecting the ground-state energy. Thus, F (r1−r2) ≡∑
k Fke
ik·(r1−r2) has the property of a macroscopic wave
function with a well-defined phase, which may vary from
point to point in inhomogeneous systems. It follows from
Eq. (10) that the superposition is realized and sustained
energetically by the exchange of quasiparticles between
states with different numbers of Cooper pairs, similarly
to the way that the coherence of two weakly coupled
superconductors is sustained and mediated by the ex-
change of particles between them.4,5 Thus, the corre-
lations are identified as being responsible for the emer-
gence of macroscopic coherence in isolated superconduc-
tors. The present study also makes it clear that fluctu-
ations in the number of condensed particles ∆Ncon, in-
stead of those in the total particle number as discussed
frequently, are responsible for the appearance of a macro-
scopic well-defined phase, in accordance with the concept
of off-diagonal long-range order based on reduced density
matrices,4,17 the concept of coherence in optics,18 and
also the gauge invariance.
Thus, the present theory supports the mean-field de-
scription of superconductivity using the grand-canonical
ensemble1,8,9,15 in the thermodynamic limit. For systems
with a small number of particles or of low dimensions, on
the other hand, the fluctuations ∆Ncon are expected to
have substantial effects on the physical properties and
realization of coherence. However, the present treatment
cannot be applied directly to finite systems because of
the approximation introduced around Eq. (8), which be-
comes valid for N ≫ 1. We are planning to report some
progress in removing the approximation in the near fu-
ture.
Appendix A: Extremal Conditions
The first variations of Eq. (19) with respect to φk
and wκ1κ2κ3κ4 can be calculated concisely with the chain
rule. Specifically, we introduce the following quantities
in terms of the explicit dependences of E¯ ,
ξ
(0)
k ≡
1
2
δE¯
δnk
= εk − µ+
1
V
∑
k′
(2U0 − U|k−k′|)nk′
(A1a)
∆
(0)
k ≡ −
1
2
δE¯
δFk
= −
1
V
∑
k′
U|k−k′|Fk′ , (A1b)
1
2
δE¯
δuk
=
1
V
∑
k2k3k4
δk+k2+k3+k4,0U|k+k3|uk2vk3vk4
×
∑
αα′
(−1)1−α−α
′
wkαk2α′k4−α′k3−α, (A1c)
1
2
δE¯
δvk
=
1
V
∑
k2k3k4
δk+k2+k3+k4,0U|k+k3|vk2uk3uk4
×
∑
αα′
(−1)1+α+α
′
wkαk2α′k4−α′k3−α. (A1d)
Next, the derivatives of (uk, vk, nk, Fk) with respect to
φk can be calculated on the basis of Eqs. (7) and (16) as
δuk
δφk
= −
φk
(1 + φ2k)
3/2
= −u2kvk, (A2a)
δvk
δφk
=u3k, (A2b)
δnk
δφk
=2φku
4
k(1− 2ηk), (A2c)
δFk
δφk
=(1 − φ2k)u
4
k(1− 2ηk). (A2d)
Similarly, the first variations of (nk, Fk) with respect to
wκ1κ2κ3κ4 are obtained from Eqs. (15) and (16), noting
the comment below Eq. (15), as
δnk
δwκ1κ2κ3κ4
=
4∑
j=1
δkjk(u
2
kj
− v2kj )wκ1κ2κ3κ4 , (A3a)
δFk
δwκ1κ2κ3κ4
= − 2
4∑
j=1
δkjkukjvkjwκ1κ2κ3κ4 . (A3b)
Using Eqs. (A1) and (A2), we can transform the extremal
condition δE¯/δφk = 0 into
2ξ
(0)
k φk +∆
(0)
k (φ
2
k − 1) + χk = 0, (A4)
with
χk ≡
1
V
∑
k2k3k4
δk+k2+k3+k4,0U|k+k3|
×
ukvk2uk3uk4 − vkuk2vk3vk4
(1 − 2ηk)u2k
×
∑
αα′
(−1)1−α−α
′
wkαk2α′k3−α′k4−α, (A5)
where we have used (−1)α+α
′
= (−1)−α−α
′
for α, α′ =
± 12 . Also using Eqs. (A1) and (A3), we can simplify
7δE¯/δwκ1κ2κ3κ4 = 0 to
2
4∑
j=1
[
(u2kj − v
2
kj
)ξ
(0)
kj
+ 2ukjvkj∆
(0)
kj
]
wκ1κ2κ3κ4
+ 2
δk1+k2+k3+k4,0
V
[
U|k1+k2|(uk1vk2 + vk1uk2)
× (uk3vk4 + vk3uk4)δα1,−α2δα3,−α4(−1)
1−α1−α3
+ U|k1+k3|(uk1vk3 + vk1uk3)(uk4vk2 + vk4uk2)
× δα1,−α3δα4,−α2(−1)
1−α1−α4
+ U|k1+k4|(uk1vk4 + vk1uk4)(uk2vk3 + vk2uk3)
× δα1,−α4δα2,−α3(−1)
1−α1−α2
]
= 0. (A6)
In deriving the second term, we have performed tedious
differentiations of the last term in Eq. (17) with respect to
wκ1κ2κ3κ4 and also used the identities (−1)
α−α′δα,−α′ =
−δα,−α′ and (−1)
α+α′ = (−1)−α−α
′
for α, α′ = ± 12 .
Equation (A6) can be solved formally to obtain Eq. (22c).
Let us (i) substitute Eq. (22c) into Eq. (A5), (ii) use
∑
αα′
(−1)2−2αδα,−α′ =
∑
αα′
(−1)2−α−α
′
δαα′ = −2,
∑
αα′
(−1)2−2α−2α
′
= 4,
and (iii) exchange summation variables such as k2 ↔ k4
several times. We thereby find that Eq. (A5) is express-
ible as
χk = 2ξ
(1)
k φk +∆
(1)
k (φ
2
k − 1), (A7)
where ξ
(1)
k and ∆
(1)
k denote the correlation parts of Eqs.
(22a) and (22b), respectively, which are proportional to
V −2. Substituting Eq. (A7) into Eq. (A4), we obtain the
equation for φk as
2ξkφk +∆k(φ
2
k − 1) = 0 (A8)
in terms of Eqs. (22a) and (22b). The solution of this
equation that satisfies φk → 0 for k →∞ is given by Eq.
(20).
Appendix B: Sums over (k2,k3,k4)
Here we describe how to perform the triple sums
f(k) ≡
1
V 2
∑
k2k3k4
δk+k2+k3+k4,0
× U|k+k2|U|k+k3|g(k, k2, k3, k4) (B1)
efficiently, which is necessary for calculating Eqs. (22a)
and (22b) numerically. First, we choose k along the z
axis and express k2 in polar coordinates. Then k + k2
can be written as
k + k2 =(k2 sin θ2 cosϕ2, k2 sin θ2 sinϕ2, k + k2 cos θ2)
= (k12 sin θ12 cosϕ2, k12 sin θ12 sinϕ2, k12 cos θ12),
(B2)
with
k12 ≡ |k + k2| =
√
k2 + k22 + 2kk2 cos θ2, (B3a)
θ12 ≡ arctan
k2 sin θ2
k + k2 cos θ2
. (B3b)
Equation (B2) is alternatively expressible in terms of the
orthogonal matrix
R12 ≡

cos θ12 cosϕ2 − sinϕ2 sin θ12 cosϕ2cos θ12 sinϕ2 cosϕ2 sin θ12 sinϕ2
− sin θ12 0 cos θ12

 (B4)
as
k + k2 = R12

 00
k12

 . (B5)
We also write k3 using R12 as
k3 =R12

k3 sin θ¯3 cos ϕ¯3k3 sin θ¯3 sin ϕ¯3
k3 cos θ¯3

 , (B6)
where (θ¯3, ϕ¯3) are polar angles in the coordinate system
where k + k2 lies along the z axis. This representation
enables us to write (k+k2) ·k3 and |k+k3| concisely as
(k + k2) · k3 = k12k3 cos θ¯3, (B7)
k13 ≡ |k + k3| =
[
k2 + k23 + 2kk3
(
− sin θ12 sin θ¯3 cos ϕ¯3
+cos θ12 cos θ¯3
)]1/2
. (B8)
We can thereby transform Eq. (B1) into
f(k) =
1
(2pi)6
∫ ∞
0
dk2k
2
2
∫ pi
0
dθ2 sin θ2
∫ 2pi
0
dϕ2
×
∫ ∞
0
dk3k
2
3
∫ pi
0
dθ¯3 sin θ¯3
∫ 2pi
0
dϕ¯3Uk12Uk13
× g
(
k, k2, k3,
√
k212 + k
2
3 + 2k12k3 cos θ¯3
)
.
Integration over ϕ2 can be performed easily to yield
2pi. Subsequently, we make a change of variables θ¯3 →
k4 ≡
√
k212 + k
2
3 + 2k12k3 cos θ¯3, with which dθ¯3 sin θ¯3 =
−k4dk4/k12k3, to express f(k) as
f(k) =
1
(2pi)5
∫ ∞
0
dk2k2
∫ ∞
0
dk3k3
∫ pi
0
dθ2
k2 sin θ2
k12
Uk12
×
∫ k12+k3
|k12−k3|
dk4k4g(k, k3, k3, k4)
∫ 2pi
0
dϕ¯3Uk13 .
(B9)
8Further, we exchange the order of integrations over θ2
and k4 by noting that |k12 − k3| ≤ k4 ≤ k12 + k3 is
equivalent to |k3 − k4| ≤ k12 ≤ k3 + k4 and transforming
the latter into
(k3 − k4)
2 − k2 − k22
2kk2
≤ cos θ2 ≤
(k3 + k4)
2 − k2 − k22
2kk2
.
(B10)
The two inequalities are satisfied when
(k3−k4)
2−k2−k2
2
2kk2
≤
1 and
(k3+k4)
2−k2−k2
2
2kk2
≥ −1 are simultaneously met,
which are transformed into k4i ≤ k4 ≤ k4f with{
k4i ≡ max (0, k3 − k − k2, |k − k2| − k3)
k4f ≡ k + k2 + k3
. (B11a)
In addition, Eq. (B10) is expressible in terms of two an-
gles (θ2i, θ2f) defined through

cos θ2i ≡ min
(
1,
(k4 + k3)
2 − k2 − k22
2kk2
)
cos θ2f ≡ max
(
−1,
(k4 − k3)
2 − k2 − k22
2kk2
) (B11b)
as θ2i ≤ θ2 ≤ θ2f . We can thereby transform Eq. (B9)
into
f(k) =
1
(2pi)5
∫ ∞
0
dk2k2
∫ ∞
0
dk3k3
∫ k4f
k4i
dk4k4
× g(k, k2, k3, k4)
∫ θ2f
θ2i
dθ2 sin θ2
k2
k12
Uk12
×
∫ 2pi
0
dϕ¯3Uk13 , (B12)
where k12 and k13 are respectively defined by Eqs. (B3a)
and (B8) in terms of θ12 and θ¯3 given by Eq. (B3b) and
θ¯3 ≡ cos
−1 k
2
4 − k
2
12 − k
2
3
2k12k3
. (B13)
The last integral over ϕ¯3 in Eq. (B12) can be performed
analytically for the present model given by Eq. (25b) as
may be seen from Eq. (B8).
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